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Abstract 

In nonlinear biochemical systems, complex dynamic behaviors, such as multistability and 
oscillations, are often induced by internal feedback mechanisms. These behaviors pose significant 
challenges for optimal control problems, as traditional optimization approaches that focus solely 
on performance criteria can lead to instability or oscillations. In this work, a novel stability-
constrained optimal control approach is developed for a high-dimensional artificial cell system, 
leveraging bifurcation analysis, machine learning, and dynamic optimization. The mechanistic 
model accounts for the coupled dynamics of gene expression, metabolic reactions, energy balance, 
and cell growth. As a result, the mechanistic model is a nonlinear dynamic system with rich 
dynamics. Bifurcation analysis is used to identify regions of stability loss, including Hopf 
bifurcation points. A dataset is constructed from the states of the dynamic system and the 
corresponding dominant eigenvalue information. A neural network surrogate approximates the 
stability behavior based on the dynamic system's states. The neural network is integrated into a 
dynamic optimization problem using the Pyomo optimization library. As a result, stability 
information is included in the objective function of the optimization problem. A smooth penalty 
approach is used to define the objective function based on the dominant eigenvalue information. 
The smooth penalty approach is used to avoid non-differentiability in the objective function. The 
optimization problem is solved using a direct transcription approach with collocation. The results 
clearly indicate that the proposed framework can identify control trajectories that maximize 
product formation while maintaining system stability. In contrast, optimization problems that are 
not constrained for stability considerations lead to degenerate or physically unrealistic solutions. 
In addition, this study clearly indicates that proper model formulation, including consideration of 
metabolite decay, is important for achieving robust solutions. 
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Contribution of this paper to the literature 
The main contribution of this paper is the integration of bifurcation analysis and optimal 
control for dynamic problems in artificial cells. The study systematically links nonlinear 
dynamical behavior, stability transitions, and control design, enabling the suppression of 
oscillatory dynamics while providing deeper insight into parameter-dependent instabilities and 
performance optimization. 

 
1. Introduction 

Nonlinear dynamic systems in biochemical and cellular networks often exhibit complex behaviors such as 
multistability, oscillations, and bifurcations. Among these behaviors, the Hopf bifurcation is significant, as it marks 
a transition from steady-state stable operation to sustained oscillatory operation. These oscillations in biochemical 
engineering and synthetic biology may reduce product yields and process stability. Therefore, it is crucial to 
directly incorporate stability into optimal control problems. 

The dynamic system under consideration is based on synthetic gene regulatory networks that exhibit 
oscillatory behavior via cyclic repression mechanisms. This work is based on a seminal work by Elowitz and 
Leibler [1], which presented a foundational model of a repressilator, a coupled system of transcription and 
translation in which proteins act as repressors of gene expression cyclically. 

The traditional method for solving stability-constrained optimization problems relies on repeated eigenvalue 
analysis of the system Jacobian, which is computationally expensive and difficult to implement in large-scale 
dynamic optimization problems. To overcome this difficulty, this work presents a novel artificial intelligence-based 
framework in which a neural network is trained on bifurcation data to mimic proximity to a Hopf instability, which 
is then symbolically embedded into a dynamic optimization problem. 

The soft Hopf constraint is formulated as a smooth penalty term in the objective function via a differentiable 
approximation, compatible with gradient-based optimization algorithms. The optimization problem is discretized 
using orthogonal collocation, and a solution is obtained using a nonlinear programming solver that maximizes 
product formation while avoiding unstable oscillatory regimes, thereby providing a framework for stability-
constrained optimal control of nonlinear biochemical systems. 
 

2. Literature Review 
The field of systems biology has been motivated by the need to understand complex biological systems through 

quantitative and computational approaches. Early work by Varma and Palsson [2] laid the foundation for the field 
by introducing flux balance analysis (FBA), a constraint-based modeling approach. Using this method, it is possible 
to predict flux distribution in complex cellular systems. Later, this work was extended to include the effects of gene 
expression and regulation, as illustrated by Covert, et al. [3] which established the link between metabolic and 
gene expression regulation. 

The field of systems biology was formally introduced by Kitano [4], emphasizing the integration of biological 
processes across different scales. The mathematical approaches, as introduced by Murray [5] and Alon [6], formed 
the backbone of modeling complex biological processes. Experimental advances, including the introduction of 
synthetic gene oscillators by Elowitz and Leibler [1], were later improved by Stricker, et al. [7] and Danino, et al. 
[8] highlighting the importance of nonlinear effects such as oscillations in regulating complex biological processes. 

The mid-2000s saw significant progress in integrating high-throughput data with computational models. For 
example, Qian and Beard [9] investigated the feasibility of conducting system-level analyses of metabolic and 
regulatory networks. Similarly, Antia and de Pillis [10] expanded the modeling framework to immunological 
systems. Further advanced genome-scale kinetic modeling by overcoming some drawbacks of stoichiometric 
modeling. During the same period, Min Lee, et al. [11] emphasized the need to integrate signaling, metabolic, and 
regulatory networks into unified dynamic frameworks. 

The idea of "whole-cell modeling" gained prominence in the scientific community through the work of Karr, et 
al. [12] who proposed predicting phenotype from the genotype level. Their work built upon constraint-based 
modeling. O’Brien, et al. [13] expanded the modeling framework by incorporating gene expression, thereby 
improving prediction accuracy. 

Recent years have focused on multi-scale integration and computational scalability. Tools such as COBRAme 
[14] and resource allocation modeling have enabled the integration of metabolic, transcriptional, and translational 
regulation within a single simulation framework. Data-driven integration methods [15] and proteome-level 
modeling have improved simulation accuracy. Attempts at integrating enzymatic constraints, as in GECKO 2.0 
[16], represent significant steps toward more accurate metabolic modeling. 

Parallel progress has been made in applying these modeling frameworks to various biomedical and synthetic 
biology problems. For example, Gonçalves, et al. [17] highlighted the importance of integrating signaling and 
metabolic pathways. More recently, Razzaq, et al. [18] and Dasgupta, et al. [19] proposed control-theoretic 
modeling in cancer metabolism. Presented a review of the expanding scope of genome-scale modeling in 
biotechnology and medicine. Additionally, Choi, et al. [20] explored dynamic modeling in cell-free systems, 
demonstrating the flexibility of these frameworks for novel synthetic biology applications. 

Overall, the literature suggests an evolutionary trend from static constraint-based to dynamic, multi-scale, and 
data-integrated approaches. Modern systems biology focuses on integrating metabolic, gene regulatory, and signal 
transduction pathways, facilitated by advances in computational power and machine learning. This provides an 
excellent basis for current research in stability-constrained optimal control and the study of complex dynamic 
phenomena such as oscillations and bifurcations. 
 

2.1. Model Equations 
For the model equations, the state variables (m1-m5) represent the mRNA concentrations (mol/L), (p1-p5) 

represent the protein concentrations (mol/L), G is the glucose concentration (mol/L), and P, A, and N represent 
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the intermediate metabolites (mol/L). W is the waste metabolite (mol/L), and ATP represents the energy currency 
(mol/L). X is the biomass concentration (mol/L), and Prod is the product concentration (mol/L). 

The control variable is 𝐺𝑒𝑥𝑡, the external glucose concentration (mol/L). 
The parameter values are 
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(𝑘𝑡𝑥1 − 𝑘𝑡𝑥5; 𝑘𝑡𝑙1 − 𝑘𝑡𝑙5) represent the transcription and translation rates, 𝛿𝑚, 𝛿𝑝 mRNA and protein 

degradation times, K1-K5 represent the Hill constants, and n1-n5 the Hill coefficients. V1-V4 represent the 

maximum reaction rates, Km1–Km4 are the Michaelis constants.  𝛼1, 𝛼2 ; 𝛽1 ,𝛽2; are the ATP production and 
consumption coefficients. 

  is the ATP decay rate. 𝑘𝑖𝑛1 , 𝑘𝑜𝑢𝑡  are the glucose inflow rate and the waste outflow rate. 𝜇𝑚𝑎𝑥 is the 

maximum growth rate. 𝐾𝐴𝑇𝑃 ; 𝐾𝑃 are the saturation constant.  𝑘𝑝𝑟𝑜𝑑  ,𝑘𝑑𝑒𝑔 are the product formation and product 

degradation rates. The model equations are  
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2.2. Bifurcation Analysis and Optimal Control 
2.2.1. Bifurcation Analysis 

Bifurcation calculations are performed using the MATLAB software MATCONT. Bifurcation analysis explains 
the main causes of multiple steady states and limit cycles. Branch points and limit points cause multiple steady-
state solutions, while limit cycles and oscillatory behavior are caused by Hopf bifurcation points. The MATLAB 
program that effectively locates limit points, branch points, and Hopf bifurcation points is MATCONT. This 
program was developed and improved by several researchers [21, 22]. It is very effective in identifying limit points 
(LP), branch points (BP), and Hopf bifurcation points (H) for a system of ordinary differential equations. 

 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥, 𝛼)  (3) 

 𝑥 ∈ 𝑅𝑛 where the bifurcation parameter is    . The gradient vector is orthogonal to the tangent, and hence 

the tangent plane at any point 𝑤 = [𝑤1, 𝑤2, 𝑤3, 𝑤4, . . . . 𝑤𝑛+1] must satisfy. 

 𝐴𝑤 = 0  (4) 
 The matrix A is defined by, 

 𝐴 = [𝜕𝑓/𝜕𝑥 |𝜕𝑓/𝜕𝛼]  (5) 

The sub-matrix 𝜕𝑓/𝜕𝑥 is the Jacobian matrix. For both limit and branch points, the Jacobian matrix 𝐽 =
(𝜕𝑓/𝜕𝑥) must have a determinant of 0. 

At a limit point, the n+1 th component of the tangent vector 𝑤𝑛+1 = 0.  For a branch point, the matrix 𝐵 =

[
𝐴
𝑤𝑇] must be singular and have a determinant of 0.  

At a Hopf bifurcation point,  

 𝑑𝑒𝑡( 2𝑓𝑥(𝑥, 𝛼)@𝐼𝑛) = 0  (6) 
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@ indicates the bialternate product, while 
nI  is the n-square identity matrix. Hopf bifurcations cause limit 

cycles and should be eliminated because they make optimization and control tasks very difficult. More details can 
be found in Kuznetsov [23], Kuznetsov [24] and Govaerts [25] respectively. 
 

2.2.2. Optimal Control 
Pyomo.dae, as referenced by Hart, et al. [26] is used for optimal control calculations. Pyomo.DAE extends the 

Pyomo optimization framework, making it suitable for solving dynamic systems of differential and algebraic 
equations. It provides a symbolic environment for addressing differential-algebraic equation systems within 
optimization problems. This capability is crucial in process systems engineering, chemical kinetics, and control 
systems, where understanding the dynamic response of systems is essential. 

At its core, Pyomo.DAE enables users to define time-varying variables, derivatives, and constraints 
symbolically, which can be easily integrated into a Pyomo model. Users can define continuous sets for time or other 
variables, which are used to define derivatives over those sets. This symbolic approach allows users to discretize 
continuous differential-algebraic equation systems using finite difference, collocation, or orthogonal collocation 
methods, transforming continuous differential equations into algebraic equations solvable with standard solvers. 
The framework handles both initial-value problems and dynamic optimization problems. In dynamic optimization, 
Pyomo.DAE facilitates the formulation of time-dependent objective functions and constraints, making it 
particularly useful in optimal control, energy systems, and chemical process scheduling problems. 

One of the major advantages of Pyomo.DAE is that it is compatible with the Pyomo ecosystem. This allows 
users to leverage existing solver interfaces, variable bounds, nonlinear constraints, and objective functions within a 
combined static and dynamic modeling framework. Furthermore, the symbolic framework makes it easier to 
perform model verification, automatic differentiation, and sensitivity analysis. Pyomo.DAE provides a flexible, 
extensible, and open-source environment for modeling, simulation, and optimization of dynamic systems. By 
integrating symbolic modeling of DAEs with powerful discretization and optimization capabilities, it offers a 
unique framework for solving complex time-dependent problems. Its tight integration with Pyomo enables the 
efficient solution of both simple and complex dynamic optimization problems, making it a cornerstone of modern 
computational modeling of dynamic systems. In Pyomo.DAE, the differential equations are converted to a 
nonlinear program (NLP) using the orthogonal collocation method. The NLP is solved using IPOPT [27]. 
 

2.3. Formation of Stability Dataset from MATCONT results 
A stability dataset was developed based on the results from numerical continuation calculations carried out in 

MATCONT. The stability dataset consists of rows, each representing a continuation point from an equilibrium 
branch. The columns in each row consist of the state variables, the bifurcation parameter, and a stability measure. 
The stability measure is a numerical value derived from the Jacobian matrix. The Jacobian matrix is computed 
numerically at each equilibrium point. The eigenvalues are then computed automatically using MATLAB. The 
maximum value of the real part of these eigenvalues is then computed as a scalar stability measure. 

The stability measure is computed using “eig_real_max = max(real(eigvals));” in MATLAB. The stability 
measure is a quantitative metric where negative values indicate locally asymptotically stable equilibria, positive 
values indicate instability, and a zero crossing indicates a Hopf bifurcation. The stability dataset is then saved as a 
CSV file. This dataset can be used in subsequent computational calculations to perform classification or regression 
to identify stability boundaries or approximate bifurcations. 
 

2.4. Neural Network Surrogate for Stability Prediction 
Direct embedding of eigenvalue calculations into IPOPT-based optimal control is impractical for several 

reasons: (i) computing eigenvalues at each time step is computationally expensive; (ii) the mapping from states to 
the maximum eigenvalue is non-smooth near eigenvalue crossings; and (iii) symbolic differentiation of eigenvalues 
is challenging. 

Prior to neural network training, all input variables were standardized to improve numerical conditioning and 

training stability. Let  𝑥𝑟𝑎𝑤  denote the vector of state variables and bifurcation parameter obtained from the 

stability dataset. For each input variable 𝑗, the training mean 𝜇𝑗 and training standard deviation 𝜎𝑗 were computed 

over the training dataset as the arithmetic mean and standard deviation, respectively. The training mean for input 

variable j is defined as the arithmetic average over all training samples as 𝜇𝑗 =
1

𝑁
∑ 𝑥𝑗

(𝑘)𝑁
𝑘=1  and the training 

standard deviation for the input variable 𝑗 is defined as: 𝜎𝑗 =
1

𝑁
(∑ 𝑥𝑗

(𝑘)
− 𝜇𝑗)2𝑁

𝑘=1 . 

The standardized inputs were defined as: 

𝑥𝑗 =
𝑥raw,𝑗−𝜇𝑗

𝜎𝑗
                           (7) 

This transformation ensures that each input variable has zero mean and unit variance over the training set, 
thereby improving neural network conditioning and gradient-based optimization performance. 

The vectors ,    𝜇and 𝜎 computed during training were stored and embedded identically within the Pyomo 

optimal control formulation to ensure consistency between neural network training and deployment. 
To overcome these limitations, a feedforward neural network is trained to approximate the maximum 

eigenvalue as a smooth function of the system state and bifurcation parameter. A typical architecture employs the 
hyperbolic tangent (tanh) as a smooth activation function. If the input vector is denoted by, which are the scaled 
variables, then the network is defined as: 

( )

( )

    1  1   1

    2  2 1  2

    _ _   3 2  3

z tanh W x b

z tanh W z b

max NN W z b

= +

= +

= +
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Because tanh is infinitely differentiable, the network is fully smooth, guaranteeing the availability of first and 
second derivatives required by IPOPT. Here, W1, W2, and W3 are the weights that scale and combine inputs or 
hidden-layer features, while b1, b2, and b3 are the biases that allow neurons to shift their activation independently 
of inputs. Without biases, the network output would be constrained to pass through the origin, limiting flexibility. 

The hidden-layer outputs z1, z2 represent nonlinear combinations of the inputs and previous-layer features, 

respectively. Each element of 𝑧1 is a smoothed combination of the original inputs, while each element of z2 encodes 
more abstract patterns extracted from z1. The final output  _ _  max NN provides a smooth approximation of 

the maximum real eigenvalue, enabling efficient and differentiable stability evaluation within the optimal control 
problem. Figure 1 shows a chart describing the computational strategy. 

 
The integration into optimal control is done using a soft penalty formulation where we use a smooth max 

function that converts λ into a smooth, nonnegative penalty that only “activates” when the system is unstable. 

2

1 1 1

max 1 1

( ) ( )
( ) max( )

2
s smooth

    
   

+ + + +
+ = − + =           (9) 

  is the neural network’s predicted maximum eigenvalue at the current state and parameters, while 𝜀 is a 
small positive safety margin to ensure differentiability. The soft penalty formulation involves the new objective 

function, where the original objective function (∑ 𝑃𝑟 𝑜 𝑑(𝑡))2 is modified to  ∑(𝑃𝑟 𝑜 𝑑(𝑡) + 𝛼ℎ𝑜𝑝𝑓 . 𝑠12
𝑚𝑎𝑥  𝛼𝐻𝑜𝑝𝑓 

controls how aggressively instability is penalized and 𝜀1 prevents numerical issues at exactly λ = 0, slightly 
shifting the stability boundary.  

The latest numerical implementation includes a soft Hopf bifurcation constraint in a complex biochemical 
dynamic system using a Pyomo optimization problem. The soft Hopf is included using a symbolic neural network 
(NN) that estimates the local stability of the complex dynamic system for all possible states and control variables. 
The neural network is constructed with two hidden layers of 8 neurons each, with a hyperbolic tangent activation 
function with reduced slope (0.1) for solver stability during the calculation of derivatives. The neural network is fed 
with standardized variables from the biochemical dynamic system (m1-m5, p1-p5, G, P, A, N, W, ATP, X, Prod, 
Gext), with the output used for the calculation of the objective function. To make the soft Hopf work within the 
optimization problem, a smooth maximum function is used to make the output continuous. The soft Hopf is 

included in the objective function as a penalty subtracted from the total product with a small 𝛼𝐻𝑜𝑝𝑓 parameter. 

This allows the solver to maximize product formation while avoiding unstable oscillatory dynamics. The scaled 
tanh activation function, along with smooth_max, is used to ensure numerical stability for relatively large values of 
the penalty for the occurrence of the Hopf bifurcations, alpha2_hopf, which is set to a maximum of 0.4. The system 
is discretized using collocation (Lagrange Radau, 20 finite elements, 3 collocation points). This discretization 
transforms the differential-algebraic system into a nonlinear program that is solvable using IPOPT. The numerical 
soft Hopf bifurcations approach is a flexible and robust method for implementing stability constraints in the 
optimal control of nonlinear biochemical networks. 
 

3. Results  
The bifurcation analysis revealed a Hopf bifurcation at (m1-m5, p1-p5, G, P, A, N, W, ATP, X, Prod, 𝐺𝑒𝑥𝑡 ) 

values of (0.874361, 0.874361, 0.874361, 0.874361, 0.874361, 1.134630, 1.134630, 1.134630, 1.134630, 1.134630, 
0.404879, 0.388198, 0.372557, 0.357861, 1.196117, 0.149117, 0.290305, 0.563480, 1.058868). This is shown in 
Figures 1a and 1b. 

 

 
Figure 1a. Hopf Bifurcation point for cell dynamic model. 
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Figure 1b. Limit Cycle for cell dynamic model. 

 

For the optimal control, when no measures are taken, (∑ 𝑃𝑟 𝑜 𝑑(𝑡))2 is maximized, and when the soft penalty 

formulation is integrated,  ∑(𝑃𝑟 𝑜 𝑑(𝑡) + 𝛼ℎ𝑜𝑝𝑓 . 𝑠12
𝑚𝑎𝑥 is maximized. When no measures were taken, the obtained 

value of (∑ 𝑃𝑟 𝑜 𝑑(𝑡)) was 306.864, and when the soft penalty formulation is integrated, with 𝛼ℎ𝑜𝑝𝑓 = 1; the 

obtained value of  (∑ 𝑃𝑟 𝑜 𝑑(𝑡)) was 306.574.  
This is a small price to pay to avoid the limit cycle causing Hopf bifurcations. Figures 2a, 2b, 2c, and 2d show 

the various Hopf bifurcation profiles. 
 

 
Figure 2a. Optimal control with no Hopf Constraint (Product Profile). 

 

 
Figure 2b. Optimal control with no Hopf Constraint (Gext Profile). 
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Figure 2c. Optimal control with Hopf Constraint (Product Profile). 

 

 
Figure 2d. Optimal control with Hopf Constraint (Gext Profile). 

 

4. Discussion of Results 
The results of this study clearly demonstrate the effectiveness of a unified approach combining bifurcation 

analysis, machine learning, and optimal control. In particular, the bifurcation analysis using continuation methods 
detects a Hopf bifurcation, indicating a transition from a stable steady state to an oscillatory solution. The detected 
bifurcation point indicates that the system is in a region close to a stability boundary under certain conditions. This 
is an important result, as small variations in external glucose concentration or the system's internal state can drive 
it to an oscillatory solution. In a biochemical production system, oscillatory solutions are undesirable because they 
can lead to yield variations. 

The creation of the stability dataset based on continuation results offers an important connection between 
nonlinear dynamics and data-driven modeling. By calculating the Jacobian matrix at each equilibrium point and 
finding the maximum real part of its eigenvalues, a scalar stability measure is obtained. This measure is a 
continuous indicator of system stability, with negative values indicating stability and positive values indicating 
instability. Using a scalar measure of stability turns the problem into a regression task, which can be efficiently 
solved using machine learning. The dataset includes both stable and unstable operating conditions, including the 
transition at the Hopf bifurcation point. 

The neural network surrogate model has approximated the relationship between the system states, the 
bifurcation parameter, and the stability metric using the provided dataset. The use of smooth activation functions, 
such as the hyperbolic tangent function, has enabled the surrogate model to be continuously differentiable. This is 
important for embedding the surrogate model into an optimization algorithm such as IPOPT. The direct 
computation of eigenvalues is known to be computationally intensive and is not easily differentiable. The neural 
network approach can provide a fast, continuously differentiable approximation for an optimal control problem. 
The results confirm the neural network's ability to approximate the stability boundary with sufficient accuracy. 

The key contribution of this work is the introduction of a stability-constrained optimal control problem with a 
soft penalty constraint. A soft penalty constraint is a constraint that does not strictly prohibit a solution from 
entering a particular region. In this case, a smooth penalty constraint is added to the objective function. This 
constraint penalizes positive values of the predicted maximum eigenvalue. It prevents the system from entering 
unstable regions. The smooth constraint formulation ensures compatibility with gradient-based optimization 
algorithms. This prevents discontinuities that could hinder optimization. 
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The difference between the unconstrained and stability-constrained optimization results shows that the 
stability constraint plays a significant role in practical scenarios. When stability constraints are not considered, the 
optimization problem aims only to maximize product formation. However, it often happens that to achieve a higher 
product formation rate, the system must operate at the boundary of stability or even in unstable regions. Although 
this approach seems optimal from a practical perspective, as it allows for higher product formation rates, it is 
undesirable from a system perspective. This is because oscillations may occur, causing uncontrollable system 
behavior. 

When the stability penalty is incorporated, the optimizer finds solutions that keep the system in a stable state. 
The control profiles are now smoother and more conservative, as a trade-off between maximum production and 
stability. What is more interesting, though, is that the decrease in the objective function value is not large. This 
implies that large improvements in stability can be achieved by sacrificing performance by a small amount. This 
trade-off is highly beneficial in real-world problems, where stability and robustness are much more important than 
small productivity gains. The control profile of the external glucose concentration further supports the idea of a 
trade-off between stability and performance. In the unconstrained case, the control profile varies aggressively. This 
could potentially drive the system to instability. In contrast, in the stability-constrained case, a smoother control 
profile is achieved. This indicates that the presented framework inherently produces stable control profiles. The 
overall findings validate the proposed approach as a potent, computationally efficient method for stability-aware 
optimal control of nonlinear systems. The method effectively overcomes key limitations of traditional approaches 
by combining bifurcation-informed data sets, neural network surrogates, and smooth optimization. Additionally, 
the method can be generalized to more complex biochemical systems or other types of nonlinear dynamical 
systems. The inclusion of stability as a key element of the optimization problem represents a significant 
improvement in the design and operation of dynamic biological systems. 
 

5. Conclusions 
In this study, a stability-constrained optimal control framework for a nonlinear artificial cell system is 

proposed by integrating bifurcation analysis, machine learning, and dynamic optimization. The proposed approach 
is particularly important for addressing one of the most significant limitations of conventional optimal control 
methods for solving highly nonlinear biochemical systems: the lack of stability consideration in the optimization 
process. The proposed mechanistic model describes the dynamics of gene expression, metabolic fluxes, energy 
balance, and growth, and is highly nonlinear, capable of multiple steady states and even oscillatory behavior. These 
dynamics are common in biochemical systems and can cause problems in optimization, as maximizing certain 
objective functions, such as product formation, can lead to unstable or oscillatory behavior. The study’s findings 
showed that neglecting stability in optimization can lead to physically or dynamically undesirable solutions. To 
overcome this problem, bifurcation analysis was used for the first time to identify regions of stability loss, 
particularly around Hopf bifurcations. The collected data was used to train a neural network surrogate model 
capable of approximating the stability boundary of the original system. This is much more efficient than repeatedly 
performing eigenvalue analysis, which would be unfeasible in a dynamic optimization problem. 

The neural network was incorporated into the optimal control problem using a smooth penalty approach. Here, 
trajectories leading to instability were penalized using a smooth function of the dominant eigenvalue. This 
approach is compatible with gradient-based nonlinear programming algorithms and prevents discontinuities that 
could interfere with the optimization process. The optimization problem was solved using a direct transcription 
approach implemented in the open-source library Pyomo. The numerical results provided in this study clearly 
demonstrate the effectiveness of the proposed framework. In particular, when incorporating the stability penalty 
term in the optimization problem, stable operation is maintained while substantial product formation is achieved. 
In contrast, when stability is not considered in the optimization problem, non-physical solutions arise, a critical 
takeaway from this study. Moreover, this study highlights the model's sensitivity to seemingly minor structural 
aspects, such as the inclusion of metabolite decay, which significantly affects the attainment of non-degenerate 
steady states and numerical convergence. A second important contribution of this study is the application of a 
hybrid modeling approach that couples mechanistic and data-driven modeling strategies. In particular, the 
successful application of a neural network surrogate within a dynamic optimization framework implemented in 
Pyomo is demonstrated, which highlights the potential benefits of combining different modeling approaches to 
improve prediction accuracy and computational efficiency. In particular, the use of smooth activation functions and 
appropriate scaling strategies is found to have a significant effect in ensuring solver convergence. 

On a more general note, this study’s proposed methodology applies to the stability-constrained optimization of 
nonlinear dynamical systems. The ability to leverage stability information via learned surrogates is particularly 
useful for addressing high-dimensional systems, where direct bifurcation analysis for optimization is 
computationally intractable. Such systems are common in biochemical engineering, synthetic biology, and process 
systems engineering, in which complex dynamics are commonplace. Possible future directions for this study’s 
proposed methodology include developing the framework to quantify uncertainties, exploring different 
architectures for machine learning-based surrogates, such as physics-informed neural networks, and applying it to 
experimentally validated biological systems. In conclusion, this study’s proposed methodology clearly 
demonstrates that combining bifurcation theory, machine learning, and dynamical optimization is a powerful 
approach to stability analysis in nonlinear systems. The proposed framework is a promising approach to more 
reliably and efficiently optimizing complex biochemical systems, which aligns with the general aim of developing 
data-enabled modeling and control in chemical engineering. 
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